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I n t r o d u c t i o n  

Er ro r s  in  ca l cu la t ed  s t r u c t u r e  fac tors  can  be  cons ide red  
as a r i s ing  f rom two  sources,  t h e  er rors  in t h e  pos i t ion  
of t h e  a t o m s  a n d  errors  in t h e  a s s u m e d  e l ec t ron -dens i t y  
d i s t r i b u t i o n  in  t he  a t o m s  (i.e. t h e  f curves) .  T h e  effect  
of t h e  fo rmer  has  been  t r e a t e d  b y  L u z z a t i  (1952) a n d  
b y  S t a n l e y  (1964). The  l a t t e r  source  of e r ror  will c o n t a i n  
m a n y  var iab les  a n d  is n o t  suscept ib le  to  a full t r e a t m e n t .  
T h e r e  is, however ,  one e r ror  w h i c h  can  be  cons idered .  
This  is t h e  e r ro r  due  to  t he  u n c e r t a i n t y  in  t he  t h e r m a l  
p a r a m e t e r s .  

T h e  d i s t r i b u t i o n  o f  the  e r r o r s  in  a s t r u c t u r e  fac tor  

The  s t r u c t u r e  f ac to r  for  a c e n t r o s y r m n e t r i c  s t r u c t u r e  can  
be  w r i t t e n  as 

F = ~ f j  cos (2z~rS.s) exp ( - B j s  ~) . (1) 
i 

I f  ABj is t he  e r ro r  in B t, t h e  t e m p e r a t u r e  f ac to r  of 
t h e  t th  a t o m ,  t h e  ca l cu l a t ed  va lue  of t h e  s t r u c t u r e  
f ac to r  wil l  be 

F +AE =.~.fl cos ( 2 z r t . s )  exp - (B 1 +ABt)s'- 
1 

a n d  t h e  e r ro r  in t h e  s t r u c t u r e  f ac to r  

AF = ~ f j  cos ( 2 ~ r l . s )  exp ( - B j s  2) {exp (-ABIs'-) - 1 }  . 
s (2) 

T h e  c o n t r i b u t i o n  to  t h e  error ,  AF, in  t h e  s t r u c t u r e  
factors ,  b y  a single a t o m  is 

Aal=fl cos ( 2 ~ r j . s )  exp ( - B j s  2) {exp ( - A B t s  2) - 1 }  (3) 

w h i c h  has  a m e a n  va lue  

(Aaj)=fl  cos ( 2 z r l . s )  exp ( -Bgs  ~) <exp ( - A B I s  ~) - 1 ) .  
(4) 

I f  we  call 
<exp ( - ABjs 2) ) = fl(s) 

t h e n  
(Aal) =ft cos (2~r j .  s) exp ( "Bls  2) (fl(s) - 1) (5) 

a n d  t h e  m e a n  squa re  d e v i a t i o n  f rom t h e  m e a n  is g iven  b y  

<(Aa~ 7 (Aal) )9) 
- < ] ~  Cos" (2gr l .  s ) exp ( - 2 B l s  ~) (exp ( - A B I s  ~) -fl(s))~> 

= ½f~ exp  ( - 2Bls 2) (fl(~/(2)s) - fi2(s)) 
1 2 + ~ f i  exp (-2Bgs'-)(fl(V(2)s) -fl2(s)) cos (4~rg.s)  . (6) 

The  m e a n  va lue  of t h e  e r ror  in 2' wil l  be g iven  b y  

(AF) =~ <Aal) =F(/3(s) - 1), (7) 
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a n d  t h e  m e a n  squa re  d e v i a t i o n  f rom t h e  m e a n  e r ror  in  
a s t r u c t u r e  f ac to r  is 

((AF- (AF)) ~) = ~ ((Aa 1 - (Aai>) 2 > 
i 

=½(fl(V(2) s) -fl2(s)) { 2  f~ exp ( -  2Bjs ~) 
? 

+ Z f ~  exp ( - 2 B j s  ~) cos ( 4 ~ r j . s ) } .  (8) 
i 

F o r  an  inf in i te  n u m b e r  of r a n d o m l y  d i s t r i b u t e d  a t o m s  
t h e  second  t e r m  is zero;  for  a f in i te  n u m b e r  of a toms ,  
N ,  i t  will  differ  f rom zero b y  t h e  o rder  1IN. F o r  a reason-  
ab ly  complex  s t r u c t u r e ,  t hen ,  we  can  wr i t e  

<(AF- <AF>)2> =½(fi(V(2)s)-fl~(s)) ~,f~ exp ( -  2Bss~). 
i (9) 

F r o m  t h e  cen t r a l  l imi t  t h e o r e m  (Cramer ,  1946) t h e  
p r o b a b i l i t y  of a n  e r ror  in F b e t w e e n  AF a n d  AF +d(AF) 
is 

p ( A F )  d (~F)  = {~Z(/7(V(2)~) "~e~@)) }~/~ 

[AF-F(fl(s)- 1)]e~d(AF), (10) 
exp - z( f i (V(2)s)  - ~(s) )  J 

w h e r e  X=~vf~  exp ( - 2 B s s  2) (Wilson,  1949). 
i 

T h e  v a l u e  of p(s)  a n d  p(I/(2)s)  

I f  P(AB)d(AB) is t h e  p r o b a b i l i t y  of a n  e r ro r  in  t h e  
t e m p e r a t u r e  coeff ic ient  b e t w e e n  AB a n d  AB +d(AB) 

fl(s) = I : : e x p  ( - A B ,  s~)P(AB)d(AB ) . (11) 

I f  AB is d i s t r i b u t e d  n o r m a l l y  w i t h  a s t a n d a r d  d e v i a t i o n  
a(B) 

P(z1B)dAB = 1/(l/(2,~)~(B) ) exp (--zJBV2o~(BI)a(AB) 
(12) 

a n d  

f l (s)= 1/(]/(2~)a(B)) - ~  exp ( - ABg/2ae(B) + ABs ~) d(AB) 

= e x p  (½a2#) . (13) 

The  co r r e spond ing  va lue  of fl(l/(2)s) is g iven  b y  

fl(~/(2)s) = exp (2a2a 4) = f l 4 ( 8 )  . (14) 

T h e  r e s i d u a l  

The  res idua l  is a func t ion  of b o t h  a(B) a n d  s. A t  a f ixed  
va lue  of a(B) a n d  s t h e  va lue  of 

R(<~, ~)--(II-F + A F I -  IFII >/( IFI > • (15) 

U n l i k e  er rors  of pos i t ion ,  errors  in  t h e  t e m p e r a t u r e  
coeff ic ients  of r easonab le  m a g n i t u d e  are  u n l i k e l y  to  
change  t h e  sign of a s t r u c t u r e  f ac to r  a n d  l i t t le  e r ro r  wil l  
be i n t r o d u c e d  b y  a s s u m i n g  t h a t  
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<[AF[> foP(F)  f : :  AFP(AF)d(AF)dF 
R(a ,  s ) =  - . (16) 

<[El> foFP(F)  d F 

T h e  v a l u e  of t h e  d e n o m i n a t o r  has  b e e n  e v a l u a t e d  b y  
W i l s o n  (1949) as V(2X/g). T h e n  

1 f°° f+°° A F  
R(a. s ) -  V(2Z/• ) 0 P ( F )  _~(.z(~.(s~=~(s)))"- 

[AF-F(~(s)-IWI . . . . . . . . . .  × e x p -  ~ ( ~ ~  ]a~,~a~=p~s,-1,  (17) 

a r e su l t  w h i c h  cou ld  h a v e  b e e n  in fe r r ed  f r o m  (7). 
I f  all t h e  a t o m s  are  of t h e  s a m e  t y p e  t h e  r e s idua l  c an  

be  o b t a i n e d  f r o m  

Ii maX2nsR(a, s)f  exp  ( Bs ~ ) ds 
R 2 ~ 

f smax 2nsf exp  ( -- Bs ~-) ds 
o 

a n d  

f 
Smax 
o 4~s~R(a, s ) f e x p  ( - B s ~ ) d s  

R 3 = 

Jo 

in  t w o  a n d  t h r e e  d i m e n s i o n s  r e spec t i ve ly .  
A s s u m i n g  c a r b o n  a t o m s  of t h e  t y p e  s u g g e s t e d  b y  V a n d ,  

E i l a n d  & P e p i n s k y  (1957) t h e  exp re s s ions  for  R 2 a n d  R a 
h a v e  b e e n  e v a l u a t e d  ove r  l i m i t e d  r anges  of  va lue s  of 
a(B) a n d  B w i t h i n  t h e  l im i t s  of s g i v e n  b y  t h e  Cu K a  
sphe re  of r e f l ex ion  a n d  t h e  r e su l t s  a re  g i v e n  in Tab l e s  
1 a n d  2. 

Tab l e  1. Values of the residual R 2 for two dimensions 
a( B~BI~ 0"0 2.0 4.0 6.0 8.0 10.0 

0"00 0.000 0"000 0.000 0.000 0.000 0-000 
0-02 0.016 0.012 0.008 0-006 0.004 0.003 
0.04 0"064 0.047 0"033 0.024 0.017 0.012 
0-06 0-144 0-105 0.075 0-053 0.038 0.028 
0.08 0.256 0.187 0.134 0"095 0.068 0.050 
0.10 0-401 0.293 0.209 0.149 0.107 0.078 
0.12 0-579 0.423 0.302 0.215 0.154 0-112 
0.14 0.790 0-577 0.412 0-292 0.210 0.153 
0.16 1-034 0-755 0.539 0.383 0.274 0.200 
0.18 1"313 0.958 0.684 0.486 0.348 0.254 
0.20 1.627 1.187 0.847 0.601 0.430 0.314 
0"25 2.575 1"876 1"437 0"948 0.678 0 494 
0.30 3-749 2.729 1.942 1.375 0.982 0.714 
0.35 5.188 3.771 2.680 1.894 1.350 0.981 
0.40 6.893 5.001 3-548 2-503 1.781 1.292 
0.45 8-914 6.455 4.575 3.217 2.285 1.654 
0-50 11.257 8.136 5.748 4.036 2.859 2.065 

Tab l e  2. Values of the residual R 3 for three dimensions 
a(B~Bj\ 0.0 2.0 4.0 6.0 8-0 10.0 

0-00 0-000 0.000 0.000 0-000 0-000 0-000 
0.02 0.024 0.019 0.015 0-011 0.008 0-006 
0.04 0.094 0.075 0.058 0-044 0.033 0.025 
0.06 0-212 0.169 0-131 0-099 0-075 0-056 
0-08 0-377 0.301 0-233 0.177 0-133 0-100 
0.10 0-591 0.472 0-365 0.277 0-208 0.157 
0.12 0-852 0.681 0.527 0.400 0-300 0.226 
0.14 1-163 0.929 0-719 0.545 0.409 0-308 
0.16 1.524 1.217 0.942 0.713 0.535 0.402 
0.18 1-935 1.545 1.195 0.905 0-679 0.510 
0.20 2.398 1.914 1.480 1.121 0-840 0-631 
0.25 3.797 3.027 2.339 1-769 1-326 0.995 
0.30 5.534 4.408 3-402 2-570 1-923 1-442 
0.35 7.667 6-099 4.702 3-547 2.649 1.983 
0.40 10.200 8.102 6.236 4.696 3-502 2.617 
0.45 13.209 10.476 8-048 6.049 4-502 3.357 
0.50 16-710 13-229 10.143 7.607 5-649 4-203 

C o m p a r i s o n  w i t h  e x p e r i m e n t a l  r e s u l t s  

T h e  m e t h o d  of r e f i n e m e n t  p r o p o s e d  a n d  u s e d  b y  B h u i y a  
& S t a n l e y  (1963), in  w h i c h  t h e  t h e r m a l  p a r a m e t e r s  
a s soc i a t ed  w i t h  each  a t o m  are  v a r i e d  in  t u r n  a b o u t  t h e i r  
s u p p o s e d  va lue  in  sea rch  of  a n e w  v a l u e  g i v i n g  a lower  
res idua l ,  p r o v i d e s  resu l t s  for  c o m p a r i s o n .  

D u r i n g  t h e  r e f i n e m e n t  of t h e  i n d i v i d u a l  t e m p e r a t u r e  
f ac to r s  of t r i p h e n y l  p h o s p h a t e  (Davies  & S t a n l e y ,  1962) 
i t  was  o b s e r v e d  t h a t ,  d u r i n g  t h e  f i r s t  cycle ,  t h e  r o o t  
m e a n  s q u a r e  c h a n g e  in  B was  0.20. I f  we  r e g a r d  t h i s  
as  t h e  v a l u e  of  a(B) t h e  c o r r e s p o n d i n g  v a l u e  of R 2 f r o m  
Tab l e  1, u s i n g  t h e  o b s e r v e d  gene ra l  t e m p e r a t u r e  co- 
e f f i c ien t  B=4.5, is 0.78~/o. I n  f ac t  d u r i n g  t h i s  cycle  t h e  
r e s idua l  fell f r o m  11.91 to  11 .23%,  a fall of  0 -68%.  
D u r i n g  t h e  n e x t  cycle  t h e  r o o t - m e a n - s q u a r e  c h a n g e  in 
B was  0.16. T h e  r e s idua l  fell to  10 .86%,  a d r o p  of  0.37. 
T h e  c a l c u l a t e d  va lue ,  f r o m  Tab l e  1 was  0 -50%.  

Since  t h e  r e s idua l  he re  c o n s i d e r e d  c o n t a i n s  11 ~o of  
e r rors  a r i s ing  p r e s u m a b l y ,  f r o m  t h e  e r ro rs  in  t h e  o b s e r v e d  
s t r u c t u r e  fac to rs ,  in  t h e  f s c a t t e r i n g  cu rves  a n d  t h e r m a l  
a n i s o t r o p y ,  t h i s  a g r e e m e n t  can  on ly  be  r e g a r d e d  as  
c o n f i r m a t i o n  of t h e  o rde r  of m a g n i t u d e  of  t h e  e f fec t  of 
t h e s e  e r ro rs  on  t h e  res idua l .  
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